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KA¨HLER FIBRATIONS IN QUANTUM INFORMATION THEORY
IVAN CONTRERAS AND MICHELE SCHIAVINA
Abstract. We discuss the fibre bundle of co-adjoint orbits of compact Lie groups, and
show how it admits a compatible Ka¨hler structure. The case of the unitary group allows
us to reformulate the geometric framework of quantum information theory. In particular,
we show that the Fisher information tensor gives rise to a structure that is sufficiently
close to a Ka¨hler structure to generalise some classical result on co-adjoint orbits.
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Introduction
The geometric description of finite dimensional quantum mechanics is an application of
the Lie theory of the unitary group that gives rise to a number of nontrivial insights on a
fairly established area of symplectic geometry. As argued by the authors in [5] and [6, 7, 8],
the theory of co-adjoint orbits of compact Lie groups provides a natural environment to
reformulate and answer questions in quantum mechanics and information theory.
The spaces of pure and mixed quantum states are linked to the (co-)adjoint orbits of the
unitary group in the same way complex projective spaces are a model for pure states, i.e.
projectors, and closed systems evolve unitarily, so that conservative dynamics is phrased
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in terms of the (co-)adjoint action. The natural geometric structures that exist on such
orbits have a direct interpretation in quantum mechanics and information theory - the
Berry phase is related to the symplectic structure on orbits. We argue that the reverse
is also true, i.e. the symplectic and Ka¨hler geometry on the orbits can be obtained by
analyzing the behavior of physical systems.
In [6] we began the study of the quantum Fisher information tensor (FIT) - a multi-
parameter generalisation of the Fisher information index [7, 8] - and we clarified its rela-
tionship with both the Konstant-Kirillov-Souriau symplectic form Ω
(η0)
KKS on a coadjoint
orbit O(η0), and with the quantum Fisher information metric. The definition of FIT is
borrowed from physics and has no a priori analogue in terms of abstract Lie theory and
symplectic geometry.
The motivation that lead to it was to find a way to properly define and compute the
Fisher information index in full generality1, to then proceed to solve the Fisher information
optimisation problem for quantum measurements. Since the new redefinition of the FIT
is natural from the point of view of the orbit theory, we argue that it might also play a
role in a more abstract geometric sense.
In this note we review the theory of symplectic fibrations and extend this construction
to a certain strict class of Ka¨hler fibrations where the total space is also Ka¨hler. This will
allow us to describe the geometry of quantum states in terms of strong Ka¨hler fibrations
of coadjoint orbits, with respect to which the Fisher information tensor is compatible in
a natural way.
We prove that the FIT is a Ka¨hler structure only on degenerate orbits, but it is not far
from one. This suggests the definition of a more general geometric structure than Ka¨hler
- we call it a Fisher-Ka¨hler structure - where the compatibility between a Riemannian
metric and a symplectic form is ensured only up to diagonal rescalings; one could say in a
multi-projective fashion. On degenerate orbits, i.e. complex projective spaces, it reduces
to (a multiple of) the Fubini study metric; we think of the FIT as its generalisation in
this sense.
This structure is likely relevant in the context of geometric quantisation, where the
integrality of symplectic structures is crucial and where one might thus be able to distin-
guish between structures by providing another nontrivial invariant. We argue that the
alternative symplectic form coming from the Fisher tensor contruction might give rise to
different pre-quantisations, the study of which - although not be presented here - might
lead to new insights for the geometric quantisation of co-adjoint orbits.
The paper is organised as follows. In Section 1 we define the relevant geometric back-
ground we will use throughout, and introduce the notion of Symplectic and Ka¨hler fibra-
tions. We will use a stricter version of Ka¨hler fibration than done elsewhere, which will be
directly adaptable to the main case addressed in this paper. In this section we also define
the notion of Fisher structure as a scaling-dependent generalisation of complex structures
and analyse its linear model.
1Before only partial answers were known and only for very particular cases [2, 15, 16].
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In Section 2 we turn to the theory of co-adjoint orbit of compact Lie groups, showing
how they provide a natural example of strong Ka¨hler fibrations. We will introduce the
main constructions that will be needed in the rest of the paper.
Section 3 is devoted to the case G = U(n), which will model quantum mechanics and
the spaces of states. We will show how fibrations of co-adjoint orbits can be seen as a
nesting of spaces of mixed states and how the formalism allows us to understand the
Fisher information tensor on such fibrations.
1. Generalities of symplectic and Ka¨hler fibrations
In this section we review the construction of fibre bundles and connections in the
symplectic and Ka¨hler framework. The construction of symplectic fibrations reviewed in
here can be found, for instance, in [11]. Some of the definitions and results regarding
Ka¨hler fibrations are borrowed from [1], and some others are new.
1.1. Symplectic and Ka¨hler Fibrations.
Definition 1.1. (Symplectic fibre bundle). A fibre bundle π : M → B is a symplectic
fibre bundle if the following conditions are satisfied:
(1) The fibres are symplectic manifolds (Fb, ωFb), ∀b ∈ B.
(2) The transition maps:
φα,β : (Uα ∩ Uβ)× F → (Uα ∩ Uβ)× F
are symplectomorphisms of the fibers.
A natural question to ask is whether there exists a two-form ω on the total space M
that restricts to the symplectic forms on fibres. This suggests the following
Definition 1.2. A 2-form ω ∈ Ω2(M) on a symplectic fibre bundle F →֒ M → B is
called fibre-compatible if the following condition is satisfied:
ω|F ∼= ι∗F (ω) = ωF ,
where ιF denotes the inclusion of any fibre F into M .
Definition 1.3. (Strong symplectic fibre bundle). A symplectic fibre bundle is called
strong if it admits a fibre-compatible form that is also symplectic.
Given a general section of the tensor bundle of the total space of a fibration with
connection (F,M,B,∇), we will ask that it be compatible with the horizontal distribution
defined by the connection. This will turn out relevant for the main constructions in this
paper.
Definition 1.4 (∇-compatibility of tensors). Let (F,M,B,∇) be a fibre bundle with
connection ∇ and let A ∈ T(k,l)M := Γ(TM⊗k ⊗ T ∗M⊗l) be a (k, l)-tensor on M . Then,
A is said to be ∇-compatible if A|F is a tensor on T(k,l)F and the connection ∇ induces
a splitting of A:
A = A|F ⊕ A|∇
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where A|∇ is the tensor restricted to the horizontal distribution induced by ∇.
Definition 1.5. Let M → B be a fiber bundle with typical fiber F . If M admits a
complex structure J , it will be called fibre-compatible if its restriction to the fiber J |F is
a complex structure on the fibres.
Lemma 1.6. Let J ∈ T(1,1)(M) be a complex structure on the total space M of a fiber
bundle with connection (F,M,B,∇). J is fibre-compatible iff it is ∇-compatible and
dim(B) = 2p. Moreover, J |∇ is a linear automorphism of the horizontal distribution
defined by ∇, such that J |2∇ = −I.
Proof. Assume J fibre compatible. The connection ∇ defines a splitting of TM ≃ TF ⊕
Hor∇. Above each point m ∈M one can write J in block form as
J =
(
J |F K
−K Z
)
but since J2 = −I and JF |2F = −I we conclude that necessarily K = 0 and Z2 = −I.
Let now J be ∇-compatible, i.e. J is block diagonal J = diag{J |F , J |∇}. Then from
J2 = −I, knowing that B (and therefore F ) is even-dimensional we immediately prove
the statement. 
Now we recall the notion of symplectic connection [11], which encompasses a more
restrictive compatibility condition between the symplectic structure on fibres and the
parallel transport along the connection on the fibre bundle.
Definition 1.7. (Symplectic connection). Given a connection ∇ on the symplectic fibre
bundle F →֒ M ։ B, i.e. a splitting
TM ≃ Ver⊕Hor∇,
it will be called symplectic if the parallel transport along ∇ of every loop γ : S1 → B
is a symplectomorphism of the fibers. In other words: Hol∇(γ)b is a subgroup of the
symplectomorphism group Symp(Fb).
The following definition and subsequent theorems (see [11] for more details) clarify this
picture.
Definition 1.8. Given a symplectic fibre bundle M → B with fibre-compatible two-form
ω ∈ Ω2(M), a connection ∇ is called ω-compatible if the following condition holds:
Hor∇ = Ver
ω,
where Verω denotes the symplectic orthogonal space to Ver.
The following observation connects Definitions 1.4 and 1.8.
Lemma 1.9. Let ω be a fibre-compatible two-form on the symplectic fibre bundle M → B.
A connection ∇ is ω-compatible if and only if ω is ∇-compatible.
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Proof. Consider an ω-compatible connection ∇, i.e. such that Hor∇ = Verω. Then ω
naturally splits as ω|F ⊕ ω|∇ since ω(v, w) = 0 whenever v is vertical and w horizontal.
On the other hand, if ω is ∇-compatible it splits and every vertical vector field will
annihilate all horizontal ones. Since ω is fibre compatible, it is nondegenerate on Ver,
showing ω-orthogonality of the horizontal and vertical subspaces, and thus ω-compatibility
of the connection. 
In particular the fundamental result relating symplectic fibrations and symplectic con-
nections is the following.
Theorem 1.10. [11] Let π :M → B be a symplectic fibration.
(1) If it comes equipped with a fibre-compatible form ω, then this defines an ω-compatible
symplectic connection ∇ω if and only if ιv1∧v2dω = 0 for any two vertical vector
fields vi ∈ Γ(Ver).
(2) If the fibres are compact, connected and simply connected and if it comes equipped
with a symplectic connection ∇, then there exists a unique fibre compatible, ∇-
compatible closed two-form ω∇ that satisfies the condition
(1.1) π∗ω
dim(F )/2+1
∇ = 0.
Moreover, any fibre-compatible, ∇-compatible closed form ω˜ is of the form ω˜ =
ω∇ + π
∗ωB for a given closed form ωB ∈ Ω2cl(B).
Sketch of Proof. We have that
(1) Define the horizontal sub-bundle Hor ⊂ TM as the symplectic orthogonal of the
vertical sub-bundle Ver ⊂ TM with respect to the fibre-compatible form ω, namely
Hor := Verω. Then one shows that a Horizontal lift wˆ of any vector field on B
acts by symplectomorphism on ω modulo B if and only if ιv1∧v2dω = 0 for the vi’s
vertical vector fields.
(2) For the proof of existence and uniqueness of ω∇ we refer to [11]. Assume that
ω˜ is a closed fiber-compatible and ∇-compatible 2-form on M . Then contraction
with any vertical vector annihilates the difference ω˜−ω∇ for they coincide on the
fibers: ιv(ω˜ − ω∇) = 0, and since they are both closed we have Lv(ω˜ − ω∇) = 0.
This implies that the difference of two fiber-compatible, ∇-compatible closed forms
must be basic, i.e. ω˜ − ω∇ = π∗ωB.

Corollary 1.11. Every symplectic fibre bundle admitting a closed fibre compatible form
also admits a symplectic connection. In particular when the fibre bundle is strongly sym-
plectic.
Proof. This is a direct consequence of condition ιv1∧v2dω = 0, ensured by the closedness
of ω. 
Remark 1.12. Notice that to construct a fibre-compatible form we may use partitions
of unity on real smooth manifolds, but it fails in the complex setting.
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Let us recall now some notions from Ka¨hler and Hermitian geometry.
Definition 1.13 (Hermitian and Ka¨hler manifolds). Let M be a complex manifold. IfM
admits an Hermitian structure h on its holomorphic tangent bundle, then (M,h) will be
called an Hermitian manifold. Using h we can define a complex (1, 1)-form ω := i
2
(h− h¯)
and a Riemannian metric of the underlying smooth manifold M , as g = 1
2
(h+ h¯). So that
h = g − iω
Whenever dω = 0, h will be called a Ka¨hler structure, the Hermitian manifold (M,h) will
be called a Ka¨hler manifold, g and ω respectively a Ka¨hler metric and form.
Remark 1.14. When h is a Ka¨hler structure, the induced (1,1)-form is in fact symplectic:
nondegeneracy of ω is guaranteed by that of h.
Definition 1.15 (Ka¨hler fibre bundle). A fibre bundle π : M → B is called Ka¨hler if
there is a locally ∂∂¯-exact form ωM such that its restriction ωM |Fb = ωb to each fibre Fb
is a Ka¨hler form. Locally, the Ka¨hler form is given by
ωb =
i
2
∑
gij¯(z, ξ)d ξ
i ∧ d ξ¯j,
where (z, ξ) are adapted coordinates for M and
gij¯ =
∂2G
∂ξi ξ¯j
,
where G is a (local) Ka¨hler potential.
The previous definition is used in [1], for instance. However, we will work with a
stronger version of a Ka¨hler fibration, in the spirit of Definition 1.1.
Definition 1.16 (Strong Ka¨hler fibre bundle). A symplectic fibre bundle F →֒ M ։ B
is said to be strongly Ka¨hler if the following conditions are satisfied:
(1) (M,K) is a Ka¨hler manifold.
(2) Each fibre (Fb,Kb), b ∈ B is a Ka¨hler manifold.
(3) K|Fb = Kb.
(4) The symplectic structure associated with Kb coincides with the symplectic struc-
ture of the underlying symplectic fibration: i(Kb −Kb) ≡ 2ωb
Remark 1.17. Definition 1.16 implies Definition 1.15, since the local Ka¨hler potential of
M restricts to the local trivialization and thus induces a Ka¨hler potential on fibres. For
the rest of this paper, we will consider the stronger version of Ka¨hler fibrations.
Definition 1.18. Let M → B be a strong Ka¨hler fibre bundle. A connection ∇ is called
Ka¨hler if for every loop γ : S1 → B, its parallel transport along ∇ preserves the Ka¨hler
structure on the fibers. This means that Hol∇(γ)b ⊂ Ka¨hl(Fb) is a subgroup of the group
of Ka¨hler morphisms
Ka¨hl(Fb) ∼= Symp(Fb) ∩ Isom(Fb).
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Theorem 1.19. Any strong Ka¨hler fibre bundle admits a Ka¨hler connection.
Proof. Let M → B be a strong Ka¨hler fibration, with (M,K) the global Ka¨hler structure.
Since the fibration is strong, the two-form ω onM associated with K, i.e. 2ω = i(K−K),
is symplectic. By means of Theorem 1.10, point (1), we know that there exists an ω-
compatible symplectic connection ∇ω, such that TM = Ver⊕ Verω.
The restriction to the fibre of the Ka¨hler structure K|F is a Ka¨hler structure on the
fibre, and the complex structure J associated with K is therefore fibre-compatible. In
particular, JF is an automorphism of Ver and J = JF ⊕ J∇ω , with J∇ω an automorphism
of Verω (cf. Lemma 1.6).
We claim that horizontal lifts of vector fields on B give rise to isometries of the fibres.
This condition is equivalent to
(1.2) (Lw#g) (V1, V2) = 0
for all V1, V2 ∈ Ver and w# the horizontal lift of w ∈ X(B). However, g(·, ·) = ω(·, J ·) and
g(V1, V2) = ω(V1, JFV2) for J restricts to a complex structure on the fibres. On the other
hand, we know that the connection ∇ω is symplectic and the horizontal lift of vector fields
in B generates symplectomorphisms of the fibres, and Equation (1.2) is satisfied. 
Proposition 1.20. Let M → B be a strong Ka¨hler fibre bundle, then Verω = Verg where
K = g − iω.
Proof. It is easy to show that, if we denote by g the metric associated with K, i.e. 2g =
K + K, and ω the associated symplectic form, 2ω = i(K − K), we have the relation
Verg = J (Verω). This implies
TM = Ver⊕ Verω = JF (Ver)⊕ J (Verω) = Ver⊕Verg
and Verω = Verg. 
Theorem 1.21. A strong symplectic fibre bundle (F,M,B, ω) is strongly Ka¨hler if and
only if it admits a fibre-compatible complex structure J that preserves ω.
Proof. Proving that every strong Ka¨hler fibre bundle is strongly symplectic is trivial,
moreover the associated complex structure J is compatible with ω = i(K − K) by con-
struction and it is ∇ω-compatible as argued in Theorem 1.19.
On the other hand, let (F,M,B, ω) be a strong symplectic fibre bundle, with a complex
structure J such that ω(J ·, J ·) = ω. This defines a Ka¨hler structure K onM via standard
methods, but to ensure that such K is fibre-compatible, i.e. it restricts to a Ka¨hler
structure on the fibres F , we need to require that J be fibre compatible, i.e. that J |F be
a complex structure on the fibre.
As a matter of fact, if JVer ⊂ Verω, the restriction to the fibre of the bilinear form
g := ω(·, J ·) might fail to be nondegenerate. Then JVer ∩ Verω = {0} and JVer = Ver is
a complex structure on F . 
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1.2. Fisher structures. In this section we propose a definition that will abstract from
the example of Section 3. We first look at the local linear model on an even dimensional
(real) vector space.
Definition 1.22. (Linear Fisher structures) Let V be a 2n-dimensional vector space.
A linear Fisher structure is an automorphism J ∈ Aut(V ) such that it is skew-adjoint,
i.e. Jt = −J and whose square can be diagonalised to: J2 = −D = −diag{d2i I2}, with
1 ≤ i ≤ n. The space of such structures will be denoted by JF (n). The eigenvalues
{di}ni=1 are called the roots of the Fisher structure.
Remark 1.23. Observe that the crucial feature of a Fisher structure is that J2 splits
R2n in (at most) n 2-dimensional eigenspaces, and that its eigenvalues are negative. If
we are interested in changes of coordinates that preserve a given complex structure on
V ≃ R2n we can look at the space JF (n) as a union of U(n)-spaces (parametrised by
diagonal matrices like D). In this sense one can characterise a Fisher structure according
to which U(n)-space its square belongs to. This relationship between U(n)-spaces and
Fisher structures will be explored elsewhere.
We have the following.
Proposition 1.24. A matrix M is a representative of J ∈ JF (n) in GL(n,C) if and only
if the set of rows of M is an orthogonal basis of Cn and M is skew adjoint.
Proof. One direction follows directly from the fact that when the rows ofM are orthogonal,
then MM∗ = D, where Dii is the C square-norm of the i-th row of M , and therefore
M2 = −D,D > 0. On the other hand, if M∗ = −M and M2 = −D, let Q = D−1/2.
Therefore
(QM)(M∗Q) = I
⇐⇒ (QM)(QM)∗ = I
⇐⇒ QM ∈ U(n,C)
⇐⇒ Row(M) is a positive rescaling of each vector in Row(QM).

Corollary 1.25. The multiplicative group ((Rn)+, ·) acts freely and transitively on JF (n)
by block-diagonal left multiplication. Moreover, the unique point of interesection between
JF (n) and U(n) generates the whole orbit.
Proof. Proposition 1.24 implies that JF (n) is invariant under the multiplicative action of
(Rn)+. Each element J ∈ JF (n) can be obtained by acting (from the left) with a suitable
Q on the standard complex structure J0 in C
n. Finally it is easy to see that J0 is the only
matrix in JF which is also unitary, up to change of basis. 
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Theorem 1.26. Let J ∈ JF be a Fisher structure. Then, up to change of coordinates,
the matrix representing J in GL(2n,R) has the following form:
[J] =

[
0 −d1I
d1I 0
] [
0 0
0 0
]
· · · · · ·
[
0 0
0 0
]
[
0 0
0 0
] [
0 −d2I
d2I 0
] [
0 0
0 0
]
· · · ...
... . . . . . .
. . .
...[
0 0
0 0
]
· · · · · ·
[
0 −dkI
dkI 0
]

,
where
[
0 −drI
drI 0
]
is a mr ×mr-matrix, mr being the multiplicity of d2r in D.
Proof. It is easy to observe that the eigenvalues of J are of the form ±idr. Now, by
choosing an eigenbasis of Cn, we obtain that the projection of J to the direct sum of
eigenspaces Eidr ⊕E−idr is
[
0 −drI
drI 0
]
. The eigenvalues of J are preserved by change of
basis, and this concludes the proof. 
Definition 1.27 (Fisher structure). Let M be a (2n)-dimensional manifold and J : TM →
TM be a linear bundle automorphism covering the identity. We will say that J is a Fisher
structure on M if Jp : TpM −→ TpM is a Fisher structure for TpM , with roots {di}i=1...n
for all p ∈M , and it is a smooth function of p.
Remark 1.28. Observe that any complex structure on M is automatically a Fisher
structure for the roots di = 1, 1 ≤ i ≤ n.
This definition allows the following generalisation of a Ka¨hler metric
Definition 1.29 (Fisher-Ka¨hler structure). A Fisher-Ka¨hler structure on a 2n-dimensional
manifold M is a triple (G,Ω, J), with G a Riemannian metric, Ω a symplectic form and
J a Fisher structure such that
G(·, ·) = Ω(·, J·)
Remark 1.30. Whereas the complex structure J in a Ka¨hler manifold is an isometry
and preserves the symplectic structure, i.e. G(J ·, J ·) = G, in a Fisher Ka¨hler structure
this is true only up to diagonal rescalings, that is to say
G(J·, J·) = −Ω(J·, D·) = G(
√
D·,
√
D·)
1.3. Examples of symplectic and Ka¨hler fibrations.
Example 1.31. Trivial bundles of complex vector spaces. Let
C
p →֒ Cq ։ Cr
be the trivial vector bundle over Cr with fibre Cp. The total, base and fibre spaces are all
canonically symplectic with symplectic structure dzi ∧ dz¯i. It is easy to check that this
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is a symplectic fibration and that the canonical splitting ∇ : α 7→ (α, 0), is symplectic,
with the compatible form ω given by
∑q
i=1 dzi ∧ dz¯i. This is a natural case in which the
compatible connection is flat.
It is easy to observe that the Ka¨hler potential
G =
|z|2
2
produces the standard Ka¨hler form on Cp,Cq and Cr. Thus the trivial connection is in
this case a compatible Ka¨hler connection and the fibre bundle is naturally Ka¨hler, since
the canonical complex structure J(z) = iz is trivially fibre compatible. In addition to
this, any linear automorphism JP which is obtained by similarity, i.e. JP = PJP , with
P diagonal with respect to the fibre compatible basis (so that J2 = −P 2, where D is
diagonal) is a Fisher structure compatible with the fibration.
Example 1.32. Projective spaces. Let
CP
p →֒ CPq ։ CPr.
If (zi, ξi) are adapted coordinates subordinated to an open Ui, the local Ka¨hler potential
Gi = ln(
k+1∑
a=1
|ξai |2)
produces the Fubini-Study Ka¨hler form on CPp,CPq and CPr. If (zi, ξi) are adapted
coordinates subordinated to an open Ui, the local Ka¨hler potential
Gi = ln(
k+1∑
a=1
|ξai |2)
is fibre compatible.
Example 1.33. Symplectic vector bundles. A natural extension of Example 1.31 arises
when we consider a vector bundle π : E → M such that there is a form Ω ∈ Γ(∧2E∗)
which restricts to a symplectic form on Ex, for all x ∈M. In other words, these represent
symplectic fibrations with linear fibres. This linear version includes the tangent bundle of
a symplectic manifold TM → M and the bundle E ⊕E∗ →M , for a given vector bundle
E → M . The symplectic orthogonal complement of the fibres gives an Ω-compatible
connection, following definition 1.8.
Example 1.34. Cotangent lifts. Given a surjective submersion
(1.3) π : X → B
with fibre Fb over b ∈ B there is a natural fibration, defined as
(1.4) π˜ :M =
⋃
b∈B
T ∗Fb → B.
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The fibres are symplectic by using the canonical symplectic form for cotangent bundles
and a splitting of 1.3 gives rise to a splitting of 1.4. This indeed equips 1.4 with a
symplectic fibration structure (see e.g. Theorem 2.1.1 in [11]).
Remark 1.35. The examples above are particular instances of structures which are com-
patible with the fibre structure and an associated horizontal distribution. In particular,
the Fisher structure in Example 1.31 is fibre compatible by construction. This exam-
ple will be further generalized for the case of a Fisher structure on the fibre bundle of
coadjoint orbits.
2. Fibre Bundle of Coadjoint Orbits
In this section we will analyse examples of fibre bundles, where the total and base
spaces are co-adjoint orbits of the action of a Lie group on its dual Lie algebra.
We will approach the (symplectic) geometry of co-adjoint orbits via the principal bundle
perspective [11]. Unless stated otherwise, we will let G be a compact, semisimple Lie
group, and g its Lie algebra.
G naturally acts on the dual g∗, via the co-adjoint action, and every orbit of this action
is the base space of a principal bundle, labeled by an element of the Cartan subalgebra
ρ0 ∈ t ⊂ g:
H(ρ0) → G→ O(ρ0),
where H(ρ0) is the stabilizer subgroup of ρ0. Observe that the tangent map ad : g −→
Tρ0O(ρ0) equivariantly identifies tangent vectors with vectors in the Lie algebra. In fact,
there is an H(ρ0)-invariant splitting
(2.1) g = h(ρ0) ⊕ n(ρ0)
and Tρ0O(ρ0) ≃ n(ρ0).
Given an orbit O(ρ0) and a point ρ ∈ O(ρ0), the bilinear form
β(K,H)ρ := Tr[ρ, [K,H ]]
where K,H ∈ g, is skew symmetric, nondegenerate and equivariant with respect to the
coadjoint action. Because of the identification of tangent vectors with Lie algebra ele-
ments, this bilinear form yields a symplectic structure on O(ρ0):
Ω
(ρ0)
KKS(V,W ) = Ω
(ρ0)
KKS|ρ(adKρ, adHρ) = β(K,H)ρ,
with V = adKρ,H = adHρ, and will be called Kirillov–Konstant–Souriau (KKS) form.
Remark 2.1. Each orbit is promoted to the symplectic manifold (O(ρ0),Ω(ρ0)KKS). It is a
known result [4, 18] that the second cohomology group of a homogeneous space as such
is isomorphic to the Cartan subalgebra of the group, i.e. H2(G/H) ≃ t. The choice of an
element in the Cartan subalgebra fixed an isomorphism G/H(ρ0) ≃ O(ρ0) and a particular
class in H2(G/H).
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2.1. Fibrations of orbits. If we now choose two elements of the Cartan subalgebra
η0, ρ0 ∈ t, with the condition that h(ρ0) ⊃ h(η0), we can construct the associated bundle
(2.2) B(η0,ρ0) := (G× (AdH(ρ0)η0))/H(ρ0),
One can show that
B(η0,ρ0) ∼= O(η0)
is a fibre bundle over O(ρ0) with fibre H(ρ0)/H(η0), i.e. we have the following sequence of
homogeneous spaces:
(2.3) H
(ρ0)/
H(η0) −→ O(η0) −→ O(ρ0).
In particular, we have the splittings g = h(η0) ⊕ n(η0) and g = h(ρ0) ⊕ n(ρ0). The
tangent spaces (we will consider them at the reference points) are isomorphic to the
normal complements n(η0) and n(ρ0) respectively.
Above each orbit we can construct a tautological bundle as follows:
Definition 2.2. (Tautological bundle and tautological tangent bundle) Let η0 be a Cartan
element and O(η0) be its associated orbit. We define the tautological bundle associated
with the orbit O(η0) to be the vector bundle N(η0) −→ O(η0) with fibre above a point
O(η0) ∋ η = Adgη0 given by the assignment N(η0)η = Adgn(η0) where n(η0) is the normal
complement in g induced by η0. By tensoring this bundle with the tangent bundle of the
orbit O(η0) we define the tautological tangent bundle TO(η0) ⊗N(η0) −→ O(η0).
The tautological bundle is by construction an equivariant vector bundle. Whenever an
orbit is the total space of a fibration as in Equation (2.3), its tautological bundle splits.
Lemma 2.3. Let π : O(η0) −→ O(ρ0) be a fibration of orbits. The tautological bundle
associated to the orbit O(η0) splits as:
(2.4) N(η0) ≃ V(η0) ⊕N(ρ0)
whereV(η0) −→ O(η0) is a vector sub-bundle whose typical fibre is isomorphic to h(ρ0)/h(η0).
Proof. We know that the (equivariant) splitting of the Lie algebra induced by ρ0, i.e.
g = h(ρ0) ⊕ n(ρ0), induces a splitting in the typical fibre of the tautological bundle n(η0),
also equivariant:
N(η0)η = Adgn
(η0) = Adg
(
h(ρ0)
/
h(η0) ⊕ n(ρ0)
)
with η = Adgη0. As a matter of fact, defining V
(η0)
η := Adg h
(ρ0)/
h(η0) we get Equation
(2.4), as the splitting is equivariant, identifying N
(ρ0)
η ≃ Adgn(ρ0). 
Proposition 2.4. Let π : O(η0) −→ O(ρ0) be a fibration of orbits. This comes equipped
with an Ehresmann connection
(2.5) TηO(η0) = Vη ⊕Nη
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with η ∈ O(η0) which restricts to the Bott connection on (the annihilator of) the vertical
distribution, under the identification induced by the symplectic structure: Nη ≃ VΩη0η ≃ V0η ,
where V0η is the annihilator w.r.t. the Killing form.
Proof. By equivariance of the construction of the fibration of orbits (and of the Lie algebra
splitting) we can read eq. g = h(ρ0) ⊕ n(ρ0), together with the condition n(ρ0) ⊂ n(η0) as
the definition of an Ehresmann connection. As a matter of fact, acting with the group G
on the tangent space is equivalent to acting on the Lie algebra with the adjoint action,
and this makes it possible to promote equation (2.4) to
TηO(η0) = Vη ⊕Nη
where Nη ≃ Adgn(ρ0) with η = Adgη0 and Vη ≃ Adgh(ρ0)/h(η0).
Notice that Vη is involutive and observe that
(2.6) [n(ρ0), h
(ρ0)/
h(η0)] ⊂ n(ρ0).
Then, using the (equivariant) morphism ad•η : n
(ρ) ⊂ n(η) −→ TηO(η0) we can interpret
equation (2.6) as
(2.7) LVηNη ⊂ Nη
with L the Lie derivative, for all η ∈ O(η0). As a matter of fact, for V ∈ h(ρ0)/h(η0) and
N ∈ n(ρ0), one gets the vectors adV η ∈ Vη and adNη ∈ Nη (respectively vertical and
horizontal) and
(2.8) LadV η(adNη) = [adV η, adNη]X(O(η0)) = ad[V,N ]gη
but [V,N ]g ∈ n(ρ0) in virtue of (2.6), and ad[V,N ]gη ∈ Nη.
On the other hand, since for G compact n(η0) ≃ (h(η0))0 - with respect to the Killing
form - we have that Ω
(η0)
KKS(adV η, adNη) = 0 so that the symplectic orthogonal of Vη is
identified with the Horizontal subspace:
Nη ≃ VΩ
(η0)
KKS
η ≃ V0η .
This, in particular, allows us to observe that the Ehresmann connection defined by the
choice of Horizontal subbundle restricts to the Bott connection on the annihilator of the
vertical distribution. 
Corollary 2.5. The tautological tangent bundle TO(η0) ⊗N(η0) splits as
(2.9) TO(η0) ⊗N(η0) ≃ (V ⊗V(η0))⊕ (TO(ρ0) ⊗N(ρ0)) .
Proof. The proof is immediate. 
Remark 2.6. The tautological tangent bundle splits into the tautological tangent bundles
associated to the different orbits in the fibration. As a matter of fact, the fibre of the
fibre bundle for co-adjoint orbits is also an orbit O(ρ0,η0) ≃ H(ρ0)/H(η0) of the stabilizer
subgroup H(ρ0) (cf. Equation (2.3)), and V = TF = TO(ρ0,ρ˜0).
14 IVAN CONTRERAS AND MICHELE SCHIAVINA
Consider the equivariant map
ι(ρ0) : O(ρ0) −→ g∗
Again, we have the equivariant splitting
(2.10) g = h(ρ0) ⊕ n(ρ0)
and n(ρ0) ≃ Tρ0O(ρ0) coincides with the (pointwise) image of ι(ρ0)∗ : TO(ρ0) −→ N(ρ0), which
can be regarded as a vector valued one-form ι
(ρ0)
∗ ∈ T ∗O(ρ0)⊗ n(ρ0) ≃ Ω1(O(ρ0),N(ρ0)) and
identified with the (parametrised) one-form dρ, with ρ ∈ O(ρ0).
The pre-image of
ad•ρ0 : u(n) −→ Tρ0O(ρ0),
is single-valued in n(ρ0) because of the splitting in (2.10). Then we have
Definition 2.7. We define a bundle morphism covering the identity Φ(ρ0) : TO(ρ0) −→
N(ρ0) via
Φ(ρ0)ρ (v) = Adgφρ0Adg−1(v)
∀v ∈ TρO(ρ0) by denoting the inverse of ad•ρ0 as φρ0 : Tρ0O(ρ0) ∼−→ n(ρ0), that is
φρ0 = πρ0 ◦ ad•ρ−10 ,
where πρ0 : g −→ n(ρ0) and ρ = Adgρ0. We can regard Φ(ρ0) as a vector valued differential
form Φ(ρ0) ∈ Ω1(O(ρ0),N(ρ0)).
We further define D(ρ0) : N(ρ0) −→ N(ρ0) to be the bundle morphism that coincides on
each fibre with the adjoint action seen as an endomorphism: ad•ρ0 : n
(ρ0) −→ n(ρ0), i.e. if
ρ = Adgρ0
(2.11) D(ρ0)ρ = ad•ρ.
Lemma 2.8. We have that
(2.12) ι(ρ0)∗ ≡ D(ρ0) ◦ Φ(ρ0)
Proof. The proof is immediate. 
Lemma 2.9. Let π : O(η0) −→ O(ρ0) be a fibration of co-adjoint orbits. Then, the map
Φ(η0) : TO(η0) −→ N(η0) is compatible with the corresponding splittings of TO(η0) and N(η0).
Proof. The section Φ(η0) ∈ Ω1(O(η0), nη0) is ∇-compatible by construction, in fact on each
fibre it assigns to each tangent vector its preimage along the adjoint action:
Φ(η0)η ≡ Adgφη0Adg−1 : TηO(η0) 7−→ n(η)
Since the inclusion n(ρ0) ⊂ n(η0) yields the h(ρ0)-equivariant splitting n(η0) = n(ρ0) ⊕
h(ρ0)/h(η0) we can conclude that the map Φ(η0) splits accordingly. 
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2.2. Sympletic and Ka¨hler characterisation of orbits. Now that we have introduced
all of the relevant constructions for our purposes we can start characterising the fibration
of co-adoint orbits.
Theorem 2.10. The fibre bundle of coadjoint orbits O(η0) → O(ρ0) is strongly symplectic.
Proof. The proof is based on Theorem 2.3.3 in [11], and it goes by showing that the
vertical subspace Vη ≃ Tη (AdH(ρ0)η0) is a symplectic subspace of TηO(η0). The point ρ0
of g with stabilizer subgroup H(ρ0) induces the H(ρ0)-equivariant inclusion
ιF : h
(ρ0) → g
and the H(ρ0)-equivariant isomorphism
ι∗ : AdH(ρ0)η0
∼−→ AdH(ρ0)ι∗(η0)
Observe that the right-hand side of this morphism is a co-adjoint orbit of the stabiliser
subgroup H(ρ0), and it is therefore a symplectic manifold. Then, for every X, Y ∈ h(ρ0)
we get that
(2.13) Ω
(η0)
KKS(adXη0, adY η0) = Ω
(ι∗η0)
KKS (adXι∗η0, adY ι∗η0),
thus Tη (AdH(ρ0)η0) is a symplectic subspace of TηO(η0), meaning that the fibres are sym-
plectic. Proposition 2.4 shows that the horizontal and vertical distributions are symplec-
tically orthogonal, thus proving that there is an ΩKKS-compatible connection, which is
symplectic by means of Theorem 1.10 and O(η0) −→ O(ρ0) is a strong symplectic fibre
bundle. 
In what follows we will show how it is possible to endow the symplectic fibration
of co-adjoint orbits of a compatible complex (and Ka¨hler) structure. It is well known
[14, 17] that each co-adjoint orbit is independently a Ka¨hler manifold. Here we present
the complex structure on orbits via an alternative construction which is adapted to the
symplectic fibration we have outlined so far.
Theorem 2.11. Every symplectic fibre bundle of coadjoint orbits π : O(η0) −→ O(ρ0)
admits a ∇-compatible complex structure J (η0) : TO(η0) −→ TO(η0).
Proof. Theorem 2.10 shows that the choice of two points in the Cartan subalgebra η0 and
ρ0, such that hη0 ⊂ hρ0 , induces a symplectic fibration with connection. The symplectic
connection is once again given by the splitting g = hρ0 ⊕ nρ0 . Observe that nρ0 coincides
with the elements in g that do not vanish on ρ0 (under the adjoint action).
Assume that η0 is a generic point in the Cartan subalgebra. Since the group is compact,
the stabiliser of such generic point (a maximal torus) is contained in the stabiliser of any
other non-generic point ρ0, meaning that O(η0) is always the total space of a fibration over
O(ρ0). Moreover, the stabiliser subalgebra of a generic point coincides with the Cartan
subalgebra itself, meaning that the associated splitting reads:
(2.14) g = hη0 ⊕ nη0 ≃ hη0 ⊕
⊕
α
gα
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where gα are the root spaces, and therefore nη0 ≃
⊕
α gα. Let the vector Vα be a basis of
gα, so that {Vα, V−α}α∈∆, with ∆ the space of simple roots, is a basis of nη0 , and consider
the map
(2.15) J˜ :
⊕
α
gα −→
⊕
α
gα; V±α 7−→ ±V∓α.
This defines an equivariant complex structure on O(η0), since⊕α gα ≃ nη0 ≃ TρO(η0), and
the splitting is equivariant. We will denote J˜ ≡ J (η0) for some generic point η0 in the
Cartan subalgebra.
Now, since nρ0 ⊂ nη0 we can induce a complex structure on O(ρ0), compatible with the
fibration O(η0) −→ Oρ0 . There will be root spaces gβ such that [gβ, ρ0] = 0, however,
if [gβ, ρ0] ≡ β(ρ0) = 0, then also g−β will have the same property. The map J (η0) then
restricts to
J (ρ0) :
⊕
α,α(ρ0)6=0
gα −→
⊕
α,α(ρ0)6=0
gα,
but
⊕
α,α(ρ0)6=0
gα ≃ nρ0 ≃ Nρ0, and J (ρ0) then defines an equivariant complex structure
on O(ρ0) via the identification of TO(ρ0) with the horizontal distribution N induced by the
symplectic connection. On the other hand, the map J˜ also restricts to
⊕
α,α(ρ0)=0
gα ≃
hρ0
/
hη0 ≃ Vη0 and therefore we conclude that J (η0) = J (η0)|N ⊕J (η0)|V , which implies that
J (η0) is ∇-compatible.
Extending the argument, we can easily gather that an analogous compatibility holds
also when two non-generic points ρ0, ρ˜0 ∈ t+ are chosen to generate the fibration, as long
as h(ρ0) ⊂ h(ρ˜0) or vice-versa. 
Theorem 2.12. The fibre bundle of coadjoint orbits O(η0) → O(ρ0) is strongly Ka¨hler.
Proof. The fibration O(η0) → O(ρ0) is strongly symplectic by means of Theorem 2.10 and
therefore admits a symplectic connection ∇. In virtue of Theorem 2.11 it also admits a ∇-
compatible complex structure, and since the base of the fibration is a symplectic manifold
(hence even-dimensional), such complex structure is also fibre-compatible by means of
Lemma 1.6. The results then follows from Theorem 1.21, as any strongly symplectic
fibration with a fibre-compatible complex structure is strongly Ka¨hler. 
Alternative proof. Consider a fibration of orbits as above: π : O(η0) −→ O(ρ0). We have
shown how to construct symplectic and complex structures Ω(η0), J (η0) compatible with
the fibration.
Now, on O(η0), let G(η0) be the equivariant metric G(η0) = Ω(η0)(·, J (η0)·), and similarly
for any other lower dimensional orbit O(ρ0).
The splitting of the tangent space TO(η0) into Horizontal and Vertical components given
by the symplectic connection TO(η0) = V ⊕N , Nη ≃ n(η0) is an orthogonal splitting with
respect to G(η0), since J (η0) : N −→ N .
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By construction, then, the Ka¨hler structure given by (G(η0),Ω(η0), J (η0)) is compatible
with the fibration, i.e. it restricts to a Ka¨hler structure on the fibres and its restriction to
the Horizontal bundle is also related to a Ka¨hler structure on the base space via horizontal
lift. 
3. Coadjoint orbits and quantum information
In this section we will focus on an important particular example of the construction
outlined in Section 2. We will consider the group G to be the n-dimensional unitary group
U(n) and we will look at its action on its (dual) Lie algebra u(n)∗ ≃ iu(n), identified with
Hermitian matrices. In particular, we will consider the (stratified) space of positive-
definite trace-one Hermitian matrices, meaning that not all orbits will be suitable for the
construction of this chapter.
In this context we will be able to rephrase ordinary finite-dimensional quantum me-
chanics and translate several objects that are relevant for quantum information theory,
such as the quantum Fisher information index (here we interpret a multi-parameter gen-
eralisation of it as a symmetric tensor on co-adjoint orbits). A thorough account on this
can be found in [6], while for more on the geometry of the space of mixed states as a
stratified space, we refer to [10].
3.1. Orbit description of mixed states. In quantum mechanics, the concept of a
mixed state, i.e. a superposition of pure states, is mathematically formulated as a pos-
itive, trace-1 Hermitian matrix ρ, which can be seen as a convex combination of rank-1
projectors. Its eigenvalues are the probabilities that a given measurement will yield the
value assigned to the respective element of a basis of the underlying Hilbert space (thus
they should sum to 1). Pure states can also be seen as (maximally dengenerate) mixed
states, when the probability of finding a state along a given basis element is 1, that is
when ρ is itself a projector.
If we identify the space of n-dimensional Hermitian matrices with the dual space to the
Lie algebra u(n), using the pairing (X, Y ) = iTr[XY ], we can immediately see that such
space bears a representation of U(n) that for all practical purposes will be identified with
the co-adjoint action.
A mixed state is then an element ρ ∈ iu(n), positive definite and with trace equal to 1.
We denote the space of n-dimensional mixed states by D(n) ⊂ u(n)∗.
The very fact that Hermitian matrices are diagonalisable is an embodiment of the fact
that each and every co-ajoint orbit intersects the Cartan subalgebra in a finite number
of points (exactly the cardinality of the Weyl group, in this case Sn). In fact, the Car-
tan subalgebra of u(n) is the algebra of diagonal (anti-)Hermitian matrices tn and the
intersection points are the matrices of (permuted) eigenvalues.
Choosing an ordering of the eigenvalues is equivalent to specifying a (positive) Weyl-
chamber t+ ⊂ tn, and that makes the intersection unique. The diagonal representative
ρ0 = diag{λ1 . . . λn} is then an element of a positive Weyl chamber and the reference
point for the associated co-adjoint orbit O(ρ0).
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Denote by h(ρ0) the subalgebra of Hermitian matrices that commute with ρ0. The Lie
bracket is given by [A,B] = i(AB − BA).
Definition 3.1. Let t+ be a positive Weyl chamber in the Cartan subalgebra tn of iu(n).
A Λ-mixed state is a positive definite element ρ0 ∈ t+, such that Trρ0 = 1, ρ0 = diag(Λ),
Λ = {λi}i=1...n. The associated co-adjoint orbit O(ρ0) will be called the space of Λ-mixed
states.
Remark 3.2. Observe that one does not expect the set of positive, trace-1 diagonal
Hermitian matrices to bear a subalgebra stucture in iu(n). Nevertheless, every point in
that set - i.e. a mixed state - will belong to the Cartan subalgebra of iu(n), and will
therefore single-out an U(n) co-adjoint orbit.
3.2. The Fisher tensor on a single orbit. In this section we will present the construc-
tion of the Fisher information tensor on orbits of the unitary group.
Consider the root space decomposition u(n) = tn
⊕
α∈∆ uα, where uα denotes the root
space associated with the root α. A root vector is an element Xα ∈ uα satisfying the
basic equation adXαH = α(H)X
α for all H ∈ tn.
The sum of the root spaces is parametrised by off-diagonal Hermitian matrices, with
basis {vij} of matrices with a 1 in the (i, j) entry (i 6= j) and zero elsewhere. If we denote
by ei functionals on diagonal matrices such that ei(ρ0) = [ρ0]ii = λi, then a basis of the
root system for u(n) is given by {αij = ei − ej}.
Denote by ∆ρ0 the set of roots that do not vanish on ρ0, i.e. α(ρ0) 6= 0 and, dually,
by Rρ0 the set of root vectors whose adjoint action on ρ0 does not vanish, i.e. adXαρ0 =
[Xα, ρ0] 6= 0. We have that α ∈ ∆ρ0 ⇐⇒ Xα ∈ Rρ0 . The span of all vectors in Rρ0
generates n(ρ0) so that αij 6∈ ∆ρ0 ⇐⇒ vij 6∈ n(ρ0).
Recalling Definition 2.7 for the map D(ρ0), its action on the basis {vij} reads
D(ρ0)ρ0 ≡ ad•ρ0 : vij 7→ αij(ρ0)vij = (λi − λj)vij
The reason for this rewriting of the adjoint action will be clear considering the following
Lemma 3.3 ([6, 8]). Let ρ0 be a Λ-mixed state and A ∈ n(ρ0). Equation
(3.1) A =
1
2
{X, ρ0},
where {A,B} = AB + BA, has a unique solution X ≡ Lρ0(A) ∈ n(ρ0) for all A ∈ n(ρ0).
This defines an endomorphism Lρ0 : n
(ρ0) −→ n(ρ0) and consequently a bundle morphism
L(ρ0) : N(ρ0) −→ N(ρ0). In a basis of off-diagonal Hermitian matrices the map Lρ0 reads
Lρ0 : vij 7→
2
(λi + λj)
vij
Remark 3.4. Observe that the condition λi+λj = 0 implies λi = λj = 0 and we have that
the domain of L is restricted, i.e. vij 6∈ n(ρ0). Moreover, the pairwise sums of eigenvalues
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of a diagonal matrix, given by the functionals βij = ei + ej can be expressed in terms of
the roots of the Lie algebra and the trace operator:
(3.2) βij =
1
n
 ∑
(km)6=(ij)
α(km) + 2
(
n−
⌊
n+ 2
2
⌋)
T

where αij(ρ0) = λi − λj , the sum is on the ordered pairs indexed by (km), and T(ρ0) =
Tr(ρ0). Interestingly, the functionals βij are analogous to roots under the replacement of
matrix commutation with anticommutation:
{vij , H} = βij(H)vij.
Remark 3.5. The construction we outlined here is well defined for all choices of ρ0 only
because of the restrictions ρ0 > 0 and Tr[ρ0] = 1. In general, the well-definiteness of the
map Lρ0 is not automatically ensured for all points in the Weyl chamber. In fact, it is
sufficient to consider the orbit of the point ξ0 = diag{k,−k} in the Cartan subalgebra
of su(2) to see that the map Lξ0 : n
(ξ0) −→ n(ξ0), as the solution of equation (3.1), is not
defined.
The maps D(ρ0) and L(ρ0) are endomorphisms of the tautological bundle N(ρ0) that cover
the identity, however we can consider the following construction.
Definition 3.6. (D and L-maps [6]) We define the maps
D
(ρ0),L(ρ0) : TO(ρ0) ⊗N(ρ0) −→ TO(ρ0) ⊗N(ρ0)
via D = id⊗D(ρ0) and L = id⊗ L(ρ0).
Remark 3.7. By definition of the D(ρ0) map, we have that ι∗|ρ(Vρ) = Dρ ◦φ(Vρ), so that,
denoting ι∗|ρ ≡ dρ, we have dρ = (D∗Φ)ρ.
Proposition-Definition 3.8 ([6, 8]). Let ρ0 be a Λ-mixed state, and consider the follow-
ing equation in Ω1(O(ρ0), nρ0)U(n).
(3.3) dρ =
1
2
{dℓρ, ρ}
There exists one and only one solution dℓρ ∈ Ω1(O(ρ0), nρ0)U(n), called the Symmetric
Logarithmic differential of ρ0. Moreover, dℓρ = L
∗dρ ≡ (D ◦ L)∗Φ.
In this section we will use the construction outlined so far to define the notion of Fisher
information tensor on the spaces of Λ-mixed states.
Definition 3.9 (Fisher information tensor, form and metric [6]). Let ρ0 be a Λ-mixed
state. We define the Fisher information tensor F(ρ0) for the mixed state ρ0 to be the
section of (T ∗O(ρ0))⊗2 given by
(3.4) F(ρ0)|ρ = Tr [ρdℓρ⊗ dℓρ]
Denote by W(ρ0) and G(ρ0) respectively the antisymmetric and symmetric part of the
Fisher tensor. We will call them respectively Fisher form and Fisher metric.
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Theorem 3.10 ([6]). The Fisher form is a symplectic form, in particular
W(ρ0) = (DL)∗Ω
(ρ0)
KKS.
We conclude the section with the following
Definition 3.11. The Fisher form induces the Poisson bivector P(ρ0) ∈ ∧2(TO(ρ0)) via
the inverse P(ρ0) = (W(ρ0))−1. We can then construct the tensor
(3.5) J(ρ0) := C(1,1)(F
(ρ0),P(ρ0)) ∈ T1,1O(ρ0)
where C(1,1) is the tensor-contraction operator that outputs a section of T
1,1O(ρ0).
Remark 3.12. The tensor contraction C(1,1) is represented in a chart by the matrix
multiplication of the matrix representing P(ρ0)
Theorem 3.13. Let ρ0 be a Λ-mixed. The Fisher information tensor on O(ρ0) is a Fisher-
Ka¨hler structure for all ρ0 ∈ t and the (1, 1)-tensor J(ρ0) is a Fisher structure. It reduces
to a complex structure if and only if Λ = {1, 0 . . . , 0}, in which case the Fisher information
tensor is a Ka¨hler structure.
Proof. Pick ρ0 = diag{λ1, . . . , λn}. Let VA be an open in O(ρ0) and pick the local chart
ϕA given by exponentiation of the Lie algebra on VA. If {σI} is a basis of off-diagonal
Hermitian matrices in n(ρ0) (the index I denoting an ordered pair of indices I = (i, j) with
1 ≤ i < j ≤ n) we can write
U(z(A)) = exp{i
∑
I
z
(A)
I σI}
with z
(A)
I complex numbers in the chart (VA, ϕA) Then we have that
dρ0 =

0 . . . αI(ρ0)[dz
(A)
I ]
∗ . . .
...
. . .
...
...
αI(ρ0)dz
(A)
I . . . 0
...
... . . . . . . 0

If follows from a simple computation that (we drop the superscript (A))
(3.6) Fρ0 =
∑
I
(
2
αI
βI
)2
(βIdzI ⊙ dz∗I − iαIdzI ∧ dz∗I )
It is easy to read the symmetric and anti symmetric parts of the Fisher tensor from the
previous formula. Consequently, we can construct the bivector P(ρ0) as
(3.7) P(ρ0) = i
∑
I
(
2
αI
βI
)−2
α−1I
∂
∂zI
∧ ∂
∂z∗I
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so that
(3.8) J(ρ0) = i
βI
αI
(
dzI ⊗ ∂
∂zI
+ dz∗I ⊗
∂
∂z∗I
)
Looking at Equation (3.8) it is easy to see that it squares to
(J(ρ0))2 = −∆(ρ0)
where the tensor ∆(ρ0) acts on a chart by a multiple of the identity ∆
(ρ0)
I =
(
βI
αI
)2
I. Thus,
we can conclude that J(ρ0) is a complex structure if and only if βI
αI
= 1 for all indices I, a
condition that is satisfied only by ρ0 = {1, 0, . . . , 0}.
More generally, it follows from the construction that G(ρ0)(·, ·) = W(ρ0)(·, J(ρ0)·) and
the Fisher information tensor yields the Fisher-Ka¨hler structure (G(ρ0),W(ρ0), J(ρ0)) for
all Λ-mixed states ρ0. In particular, it yields a Ka¨hler structure for a degenerate ρ0.

3.3. The Fisher tensor on the fibration of orbits. In this section we apply the
general theory of fibration of co-adjoint orbits to the case of mixed states, specifying to
the group U(n) and adapting the discussion of Section 2. This will allow us to promote the
constructions of the previous section to the fibre bundle of co-adjoint orbits corresponding
to mixed states.
Anytime we are given two Λ-mixed states,say ρ0 and ρ˜0 with the property that h
(ρ˜0) ⊂
h(ρ0) we know we can construct the fibre bundle
π : O(ρ˜0) −→ O(ρ0)
and due to Theorem 2.12 we know that it is endowed with a compatible Ka¨hler structure
and a symplectic connection, coming from the equivariant splitting iu(n) = h(ρ0) ⊕ n(ρ0).
Remark 3.14. Observe that in a fibration of Λ-mixed states, all the spaces involved
are Λ-mixed spaces of states, for different states. For instance, when we are considering
ρ˜0 = diag{λ1, . . . , λn} for λi 6= λj and ρ0 = diag{1, 0, . . . , 0}, the fibres of O(ρ˜0) → O(ρ0)
are given by the orbits of ρ˜0 under the action of the subgroup H
(ρ0).
Recalling the bundle morphisms of Definition 3.6 we have the following.
Proposition 3.15. The maps Dρ˜0 and Lρ˜0 are ∇-compatible, i.e.
D
ρ˜0 = Dρ˜0V ⊕ Dρ0N
where Dρ˜0V : V ⊗Vρ˜0 −→ V ⊗Vρ˜0, while Dρ0N : N ⊗Nρ0 −→ N ⊗Nρ0, and similarly for Lρ˜.
Proof. The N(ρ˜0)-bundle automorphisms D(ρ˜0) and L(ρ˜0) are compatible with the splitting
of Equation (2.4). In fact, the maps are equivariant and we can specialise to the reference
point ρ˜0, i.e. we can look at
D(ρ˜0)|ρ˜0 ,L(ρ˜0)|ρ˜0 : n(ρ˜0) −→ n(ρ˜0)
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with, e.g. D(ρ˜0)|ρ˜0 ≡ ad•ρ˜0. However, we know that such maps just act by rescaling the
basis {vij} of n(ρ˜0), which is compatible with the splitting n(ρ˜0) = h(ρ0)
/
h(ρ˜0) ⊕ n(ρ0). In
fact, we have that vij ∈ n(ρ˜0) ⇐⇒ advij ρ˜0 6= 0, then
(3.9)
{
advijρ0 = 0 ⇐⇒ vij ∈ h(ρ0)
/
h(ρ˜0)
advijρ0 6= 0 ⇐⇒ vij ∈ n(ρ0)
Looking at Lemma 2.3 this means that D(ρ˜0) = D(ρ˜0)|V ⊕ D(ρ˜0)|N(ρ0) and consequently,
since D(ρ˜0) = id⊗D(ρ˜0), and similarly for L(ρ˜0) and L(ρ˜0), it proves the claim. 
We can understand the behaviour of the Fisher tensor with respect to a fibration of
orbits with the following
Proposition 3.16. Let π : O(ρ˜0) −→ O(ρ0) be the fibration associated to the Λ-mixed states
ρ0, ρ˜0 ∈ tn. The Fisher information tensor of ρ˜0 is ∇-compatible, and it splits as
(3.10) F(ρ˜0) = F(ρ˜0)|V ⊕ F(ρ0).
Proof. Notice, first, that F(ρ˜0) = (DL)∗Tr [ρ (Φ⊗ Φ) |ρ˜]. Then, we can use Proposition
3.15 and Lemma 2.9 to conclude the argument. 
Corollary 3.17. The Fisher structure J(ρ˜0) : TO(ρ˜0) → TO(ρ˜0) is ∇-compatible w.r.t. the
fibration O(ρ˜0) → O(ρ0) and J(ρ˜0)|F is a Fisher structure on the fibres.
Outlook on further research
The geometric structures described in this paper extend in a natural way the ones arising
from geometric quantization. In particular, the geometry behind the KKS-symplectic
form can be used to reformulate the quantization procedure of symplectic homogeneous
manifolds.
Well-known results in this area can be summarized in the orbit method [12]: a tehc-
nique to produce (and classify) all irreducible representations of a compact Lie group G,
combining the theory of coadjoint orbits with geometric quantisation. It follows from a
result of Kostant [13] that the KKS symplectic form on a co-adjoint orbit is integral if
and only if the orbit passes through the integer lattice in the Weyl chamber in t∗, the
dual of the Cartan subalgebra of g. This result singles out only certain integral orbits for
which geometric quantisation is viable.
The construction we presented in Section 3 can be adapted to general orbits of a
compact Lie group but, as mentioned in Remark 3.5, not all orbits will enjoy a Fisher–
Ka¨hler structure coming from the symmetric logarithmic derivative. It is reasonable to
assume that some will: for the Fisher tensor to exist on an orbit O(η0) of U(n) (with
η0 ∈ t+) one requires that equation (3.1) have solutions on n(η0) ≃ Tη0O(η0).
One interesting direction for further investigation is whether the Fisher form Wη0 on a
co-adjoint orbit O(η0) gives rise to a non trivial symplectic form for which prequantisation
is again viable, especially if the natural KKS symplectic form is not.
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More generally, analysing the topological aspects of manifolds that admit a global
Ka¨hler-Fisher structure might give interesting insights on the geometry of Ka¨hler mani-
folds and homogeneous spaces.
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